E n t n n! (|t| < π 2 ) and 2e
which are equivalent to (see [MOS] ) where p is a prime greater than 5. In addition to the above notation, we also use throughout this paper the following notation: Z the set of integers, N the set of positive integers, {x} the fractional part of x, ϕ(n) Euler's totient function.
Basic Lemmas.
We begin with a useful identity involving Bernoulli polynomials.
Lemma 2.1. Let p, m ∈ N and k, r ∈ Z with k ≥ 0. Then
In the case m = 1 Lemma 2.1 is well known. See [MOS] and [IR] . Lemma 2.1 was established by the author in 1991. A proof is given in [S4] , and a generalization was published by the author's brother Z.W. Sun [Su] .
From [S2, Lemma 2.3] and [IR, Proposition 15.2.4, p. 238] we have
Lemma 2.3 ([MOS])
. Let x and y be variables and n ∈ N.
Lemma 2.4 ( [MOS] , [GS] ). Let n ∈ N. Then
and
Lemma 2.5. For any nonnegative integer n we have
Proof. It is well known that E 2n = 2 2n E 2n ( 1 2 ). Thus applying Lemma 2.3 we see that
This proves the lemma. 
Lemma 2.7. Let p > 3 be a prime, r ∈ Z and k, m ∈ N with k < p − 3 and p m. Then
Proof. From Lemmas 2.1, 2.3(iii) and Euler's theorem we see that
As
Hence, by the above we obtain
From Lemma 2.6 we see that
Now putting all the above together we obtain the result.
Proof. As p > n + 1 ≥ 2 we see that p
As p > n + 1 we see that p
Now putting the above together we obtain the result.
Lemma 2.9. Let p be an odd prime and k ∈ {0, 1, . . . , p − 1}. Then
).
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Proof. For k = 0, 1, 2 it is easy to verify the result. Now assume k ≥ 3. Clearly
We then have
Now putting all the above together we obtain the result. We remark that the congruence for
) was given by Lehmer in [L, p. 360] .
Congruences for
Proof. Note that B n (0) = B n and B 2n+1 = 0 for n ∈ N. Taking k = 1 and r = p in Lemma 2.7 we see that if m ∈ N and p m, then
) by [S2, Corollary 4 .1], using Lemmas 2.4, 2.8 and Euler's theorem we see that
Similarly, we have
Now combining all the above we obtain the result.
Corollary 3.1. Let p > 3 be a prime. Then
Proof. Using [S3, Remark 5 .3] we know that
Thus applying Theorem 3.1(ii) we deduce the result. Remark 3.1 Let m ∈ {3, 4, 6}. In 1938 E. Lehmer [L] obtained the congruences for
). Using the formulas for
Proof. Clearly
Thus appealing to Theorem 3.1 we obtain the result.
Theorem 3.2. Let p > 3 be a prime. Then
Proof. Taking k = 1, r = 0 and m = 4 in Lemma 2.7 we find
As B n (
From the proof of Theorem 3.1 we know that
By Lemmas 2.5 and 2.6 we have
Observe that a
) for a, s ∈ Z with p a. We then have
On the other hand, by Lemma 2.4 we have
Thus combining the above we obtain
From [S3, Theorem 5 .2] we know that
Observe that
We then obtain the remaining result.
Remark 3.2 For any prime p > 3, the congruence
k ≡ −3q p (2) (mod p) was first established by Lerch (see [D] ), and a simple proof concerning the formula for 4|k p k was given by the author in [S1] .
Proof. From Lemma 2.6 we see that if x ∈ Z p , then
This together with Lemma 2.7 gives the result. Putting r = 0, p in Lemma 3.1 and noting that B 2n+1 = 0(n ≥ 1) we deduce the following result. 
Corollary 3.4. Let p > 5 be a prime and k ∈ {3, 5, . . . , p − 4}. Then
Proof. From Lemma 2.6 and Theorem 3.3 we see that for m = 3, 4, 6,
Now applying Lemma 2.4 we deduce (i)-(iii). (iv) follows from (ii) and (iii), and (v) follows from (i) and (ii).
Theorem 3.4. Let p > 5 be a prime and k ∈ {3, 5, . . . , p − 4}. Then 
By Lemma 2.4 we have B 2n (
). By the above we obtain
This proves (i). Now we consider (ii). From Lemma 2.4 we know that B 2n ( 
). Using (3.2) we see that
.
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This proves (ii). Finally we consider (iii). As B 2n (
− 1)B 2n , by (3.2) we have
This proves (iii) and hence the theorem is proved.
Corollary 3.5. Let p > 5 be a prime and k ∈ {3, 5, . . . , p − 4}. Then
Corollary 3.6. Let p > 5 be a prime and k ∈ {3, 5, . . . , p − 4}. Then
Proof. From [S3, Theorems 5.1 and 5.2] we see that
Now applying Theorem 3.4 we deduce the result.
Theorem 3.5. Let p > 5 be a prime and k ∈ {2, 4, . . . , p − 5}. Then
, putting m = 4 in Theorem 3.3 we see that
From Lemmas 2.4 and 2.5 we have
By [S3, Corollary 5.2(a)] we have
Note that
By the above we obtain the remaining result.
Corollary 3.7 (Lehmer [L, (20)] ). Let p > 5 be a prime and k ∈ {2, 4, . . . , p − 5}. Then
Corollary 3.8. Let p > 5 be a prime. Then
Theorem 3.6. Let p > 5 be a prime and k ∈ {3, 5, . . . , p − 4}. Then
According to Lemmas 2.4 and 2.5 we have
Now combining the above we deduce the result. 
Proof. It is clear that
and applying the above we obtain the remaining result.
Corollary 3.9. Let p > 5 be a prime. Then
Theorem 3.8. Let p > 5 be a prime. Then
Proof. From Theorem 3.2 we have
By Corollaries 3.3 and 3.8 we have
From this we deduce
By Corollary 3.4 we have
Now putting all the above together with Lemma 2.9 and the fact E 2p−4 ≡ E p−3 (mod p) yields the result. Remark 3.3 The congruence (−1)
) was known to Lehmer. See [L, (51) ].
For any prime p > 3 we recall the Legendre symbol Hence (i) holds. Suppose m ∈ {3, 6}. Taking k = 1, r = 0 and m = 3, 6 in Lemma 2.7 and using Lemma 2.6 we see that 
